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Abstract

In this note we present some theorems characterizing solutions of the equation
F(x) =f(e(x)) + g(x), where ¢ is a given involution, and particulary differentiable
solutions of the equation f(x) = f(1 — x) 4+ 2x — 1. The stability of this equation and
nonexistence of the extremal points of the set of solutions are proved.
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1. Introduction

WLODZIMIERZ WYSOCKI, in connection with the problems of copulas,
considers the fixed points of the application f — f(1 —x) +2x — 1 in
the class F of functions f:[0,1] — R, such that f(0) = f} (0) =0,
f() =1, (1) =2, f"(x)>0, for x€]0, 1] (thus the functions f are
the bijections on [0, 1]). This consideration gives the functional
equation

fx)=f(1-x)+2x—1 (1)
and the generalization of this equation, namely

f(x) =Fflp(x)) + g(x), (2)
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where ¢: E — E is a given involution, this means

e(p(x)) =x, (3)

f,& E — G are unknown functions, E is an arbitrary set and (G, +) is
an arbitrary group.
In this note we present some theorems characterizing solutions of
Egs. (1) and (2) and particularly, the differentiable solutions of Eq. (1).
It is proved the stability of Eq. (2) and of the equation

8(p(x)) +g(x) = 0. (4)

Moreover, we obtain the nonexistence of the extremal points of the
set of solutions of (2).

2. General Case
2.1. General Solution
Let ¢: E — E be an involution.

Definition. We define the equivalence relation p C E X E by the fol-
lowing formula

xpy <y =p(x) or y=x

By E; we denote an arbitrary selection of the set E/p and let
E, :=E\E| and E3 := E\(E; U p(E,)) = {x€E: ¢(x) = x}.

Theorem 1. The functions f,g: E — G are the solutions of Eq. (2) if

and only if
_ Jal) for x€E,
) = {a(cp(x)) + b(x) for x€E;, S
b(x) for x€kE,
glx) =4 —blex))  for xep(E), (6)
0 for x€Es,

where a: E\ — G, b: E, — G are the arbitrary functions.
Moreover, the function g(x) given by formula (6) is a solution of
Eq. (4).

Easy calculations show that functions defined by (5) and (6) satisfy
(2) and the function (6) fulfils (4).

Proof of “only if”. We suppose that the functions f, g satisfy Eq. (2).
We define a(x) := f(x) forx€ E| and b(x) := g(x) forx € E;. If x€ E;
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then we have by Eq. (2)
fx) =f(p(x) + glx) = a(p(x)) + b(x).
This means that the function f has the form (5). If x € p(E,) then we
have f(x) = a(x), f((x)) = a(x) + b(¢(x)) and by Eq. (2)
a(x) = a(x) + b(p(x)) + 8(x),
so g(x) = —b(p(x)). If x€ E5 then we have f(x) = a(x), f(p(x)) =
a(x) and by Eq. (2)
a(x) = a(x) + g(x),
so g(x) = 0. O

It turns out that the general solution of (4) is given by formula (6)
only in the case where the group G has no element of the order 2.
More precisely, we have the following result, the proof of which is
similar to that of Theorem 1.

Theorem 2. The function g given by the formula

b(x) for xekE;,
g(x) = —blelx))  for xep(Er),
c(x) for xe€E;,

where b:E; — G, c:Ez — Gy := {a €G:2a. = 0} are the arbitrary
functions, is the general solution of Eq. (4).

The proof of the below presented theorem is evident.

Theorem 3. The general solution of Eq. (3) has the form

(x) for x€Z,,
px) =3 ¢ '(x)  for x€Y(Z), (7)
X for x€E\(Z, U(Z2)),

where Z, C E is such that card Z, < card(E\Z,) and \: Z, — E\Z, is
an arbitrary injection. Thus the general solution of the system of Egs.

(2) and (3) is of the form (7),

~ Jalx) for x€Z,:=E\Z,
S = {a(w(x)) + b(x) for x€Z,

b(x) for xeZy,

gx)=q —b('(x)  for x€%(Z),
0 for x€E\(Z, Uu(Z)),
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where Z, and 1) are as above and a:Z, — G, b:Z, — G are the
arbitrary functions.

In the next result (2) is considered as an equation with an unknown
function f and a given function g.

Theorem 4. (1°) Equation (2) has a solution if and only if g
satisfies (4).

Assume that g,g1: E — G satisfy (4).

(2°) If fi:E — G is a solution of (2), and ®:G — G is an even
function, then the function f: E — G given by

f=®og1+fi (8)

satisfies (2).

(3%) If g1 is invertible then the general solution f: E — G of (2) can
be obtained in the following way. Fix a solution fi:E — G of (2),
choose an even function ®: g,(E) — G and put (8).

(4°) The general solution of (2) is a sum of general solutions of
the equation

m(p(x)) = m(x) 9)
and of the particular solution of (2). The general solution of Eq. (9),
for arbitrary sets E and G, is of the form

_Jd) for xe€kE,
m(x)_{d(go(x)) for x€E,,

where d: Ey — G is an arbitrary function.

Proof. The proof in the cases (1°), (2°) and (4°) is obvious. In case
(3%), the function ®(u) = flg; ' (u)] — fi[g; ' (u)], for some solutions
f and f; of (2), is even. Indeed, since g;(¢(x)) = —gi(x), then
olgr'(u)] = g7 (—u), the set g(E) is symmetric in relation to 0
(if a = g1(x) then —a = g1(p(x))) and

(
©(—u) = flgr ' (—w)] = filgy (—u)] = foler )]} — fi{elgr ()]}
=f [g Hw)] —gler () — {iler ()] — gler ' ()}
D(u) for ueg(E).
O

Remark 1. Every even function ¥: g;(E) — G is obviously extended
to the even function on G since g;(F) is symmetric in relation to 0,
there it is possible to use in (3°) for @ the even function on G (not
only on g (E)).
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Remark 2. The invertible solution of (4) cannot exist, e.g., for
E =R, (G,+) = (R,+), ¢(x) = x. This solution exists if and only
if card E; <card(G\G;)/R and card E5 < card G|, where for «, €
G\Gi: aRf & (8= —a or 3 = «a) (see Theorem 2). The invertible
solutions of (4) are determined exactly to an invertible, odd function.
For two invertible solutions g; and g, of (4) we have

glgr ' (—u)] = galp(gr! ()] = —galgy ' (w)]  for ueg(E),

thus g = U(g1), where ¥: g, (E) — G is invertible and odd. Inversely,
if g1 is an invertible solution of (4), then g, = ¥(g;) is the same solu-
tion, where U: g, (E) — G is an arbitrary, invertible and odd function.

Example for (3°) in Theorem 4 (g(x) =sgn(2x —1),g;(x) =
2x — 1). For the equation
fx) =f(1 = x) +sgn(2x — 1),

Wheref R — Rand sgn 0:= 0, fi(x) = 1 for x > J and f;(x) = O for
x< 3 is a particular solution, ®(2x — 1) + f; (x) for the arbitrary even
function :R — R is a general solution and ®[sgn(2x — 1)] + £1(x)
is a solutlon but not the general solution. Indeed, thls function is
for x> 1 equal to ®(1) + 1 and the function (2x — 1) +fi(x) is a
solutlon of our equatlon and it is not constant for x> 5 Therefore, the
assumption that g; is invertible is essential in (3°) of Theorem 4.

2.2. Stability

We will prove that the system of Eqgs. (2) and (4), Eq. (2) and Eq. (4),
are stables for some metrics.

Theorem 5. (1°) Let us suppose that p is the left translation-invariant
metric in the group (G,+), this means p(u,v) = p(t +u,t + v), for
u,v,t€G. For every €>0 and for every functions a:E — G,
b:E — G such that

Vx€E: pla(p(x)) + b(x),a(x)) <e, (10)
Vx€E: p(b(p(x)) + b(x),0) < ¢, (11)

there exists a solution - E — G, g: E — G of the system of Egs. (2)
and (4) such that

Vx€eE: p(f(x),a(x)) <e (12)
and
VxeE: p(gx),b(x)) <e. (13)
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(2°) If the metric p is the left and right translation invariant and
only the inequality (10) is true, then (12) is satisfied and we have (13)
with 2¢ in place of ¢.

(3%) If the metric p is the left translation invariant, 2p(u,0) <
p(2u,0), for u€ G and only (11) is true, then (13) is satisfied.

Proof. Functions f,g given by (5), (6) satisfy (2) and (4), by

Theorem 1. Hence:

b(lg]xeéfz’ then p[f(x),a(x)] = pla(e(x)) + b(x),a(x)] and plg(x),
If x€E;, then p[f(x),a(x)]

pla(e(x)), a(e(x)) + b(x)] = pla(x),a(p(x)) + b(x)] and p[0, b(x)]

1p[0,2b(x)] in case (3°).

a(p(x)) +b(x)] + pla(p(x)), a(x) +b(p(x))] O
Remark 3. The equation
8(x) +8(x) =28(x) =0 (p(x) = x) (14)
is not stable for some metric.
Let be
X for x€Z :={2/2n+1):n=1,2,...},
alx) =< 1+x for x€Z,:={1/2n+1):n=1,2,...},

B(x) for x€Z;:=R\(Z,UZ,),

where 3:Z3 — R\[Z, U (Z, + 1)] is a bijection, such that 5(0) = 0.
Let p(a,b) := |a(a) — a(b)| be the metric in R. Let (G, +) = (R, +)
and E = {0}. Eq. (14) is not stable with respect to the metric
above. Indeed, for ¢ = 1 and 6>0, if 2/(2n+ 1) < ¢ and k(0) =1/
(2n+ 1), then

p[2k(0),0] = |a(2/(2n+ 1)) — (0)| =2/2n+ 1) <6
and
plk(0),0] = |a(1/(2n+ 1)) —a(0)|=14+1/2n+1)>1.

Attention. Here the equation 2g(x) = 0 is not stable and the equiv-
alent equation g(x) = 0 is evidently stable.

Remark 4. The system of Egs. (2), (3), (4) is not stable for some
metrics in E and G, since the equation of involution is not stable for
some translation-invariant metric p* in E, i.e., the condition below
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(the analogon of the Ulam-Hyers stability of the equation of homo-
morphism in [1]) is not satisfied:

For every >0 there exists a 6 >0 such that for every ¢: E — E if
p*(¥(1(x)),x) < & for x €E, then there exists an involution ¢ such
that p*(¢(x),%(x)) < ¢ for x€E.

Indeed, if £ =R with natural metric, then for arbitrary 6>0
and n fixed such that 1/n <6 and n>3, the function Y. E — E
such that ¥(0) = ¥(1/n) =1, ¥(1) = 1/n, Y(a) = a, for a €E\
{0,1,1/n} =: E*, satisfies |p(1(x)) — x| < 6, for x € E. We suppose
that there exists an involution ¢ such that |¢)(x) — ¢(x)| < 1, for x€E.
Then [1(0) — (0)] = |1 — p(0)] <3, thus g <a:=¢(0) <%
We have i)(a) ~ p(a)] = [i(a) - 0] = [(a)] <L thus a=0 or
a=1/n is impossible. If acE®, then |a| <3, thus a contra-
diction. Therefore, p(0)=a=1. ‘We have |Y(1/n) —@(1/n)| =
[1—(1/n)| <3, thus $<b:=¢p(1/n) <3 and |@ZJ( )—(1/n)| <1
For b€ E*: |b—(1/n)| < ;! 1 thus b < (l/n) +1 <3, we obtain a con-
tradiction. For b=0orb= 1 /nthe contradlctlon 18 ev1dent Therefore,

©(1/n) =b=1. A contradiction, since ¢, as involution, is injective.

If (G, +) is the group with arbitrary metric p, then the triple
(h(x),k(x),7(x)) = (0,0,(x)) satisfies the inequalities p[h(1)(x))+
k(x), h(x)] < 6, plk(t(x)) + k(x),0] < 6, [¢)(4(x)) — x| < 6, forx€E,
and the solution (f,g,¢) of the system: (2), (4), (3) such that
[(x) — p(x)] < 1, for x€ E, does not exist.

If the metric is 0 — 1 (p(x,x) =0 and p(x,y) =1 for x # y) then
every functional equation (or system) is stable (it is sufficient to put
arbitrary positive 6 <1 for all £>0).

3. Particular Case. Differentiable Solutions
By Theorem 4 we have the following corollaries.
Corollary 1. The function f:R — R given by the formula
fx) =3+ @(2x — 1), (15)

where ®: R — R is an arbitrary even function, is the general solution
of the functional equation (1) without any regularity condition.

The differentiable function f:R — R is the solution of the
Sfunctional equation (1), for which f'(0) = 0 and f'(1) = 2, if and only
if there exists a differentiable and even function ®: R — R, such that
®'(—1) = ®'(1) = 0 and (15) is satisfied.

Corollary 2. The function f:[0,1] — R belonging to the class F is
the solution of the functional equation (1), if and only if there exists a
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twice differentiable and even function ® defined on interval [—1,+1],
such that

— xS P(x) < —gxF —fx+3 forall xe]—1,+1],
x+29'(x) +1>0 forall xe]—1,+1],
1 +29"(x)>0, forall xe]—1,+1],
d(—1)=d(1) =0, ' (-1)=d'(1)=0
and (15) is satisfied.
The next result is a consequence of Theorem 1.

Corollary 3. All solutions of Eq. (1) in the class F can be obtained
by the following way. Let us take an arbitrary function h:[0,3] —
[0, 1] satisfying
WO)=H.(0) =0,  H.()=1,
n'(x) >0, for all x€]0,3].
We put
h(x for xe€ |0, 1
h(1—x)+2x—1  for x€]} 1]
Theorem 6. Ler f:R — R be a differentiable function, for which
there exists f"(0). Moreover, let g:R — R be a differentiable
function, for which g'(x) # 0, x€R and g' is continuous at 0. If

the functions f, g satisfy the following system of functional and
differential equations

fx) =f(1—x) +gx), (16)
[g’(X)]2 168 =g ) - [F 0T, (17)
then f(x fxg
Proof. By Eq. (16) we get
fE)+f(1—x)=g(x) (18)

and by Eq. (17) we have f'(0) = 0 or f/(0) = g'(0).
Let us define h(x):=f"(x)/g'(x). Since (16) implies g'(x) =
g (1 — x), then by (18) we have

h(x) +h(1 —x) = 1 (19)
and 7(0) =0 or ~(0) = 1.
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One can observe easily that Eq. (17) implies
h(x*) = h*(x), (20)
therefore h*(—x) = h?(x), so
h(x) = —h(—x) or h(x) = h(—x), for all xeR.

Putting x = 1 in Eq. (19) we get 2(1) = 1. Putting x = 1 in Eq. (20)
we get (1) =1 and generally

h(1/2%) =1/2%, (21)
for every n €N, thus 4(0) = 0. Remark that since
feo
i, (0) = lim @: im X = +(0)

=0t x a0 g'(x)  g.(0)’

then 7/ (0) exists. Therefore (21) implies that h(0) =0 and
H. (0 ) L.

It is easy to see that there exists ¢>0 such that h(x)>0, for

x€]0,+¢[ and h(x) <0, for x €] —¢, 0], thus we have h(x) = —h(—x),
for every x€|—e, +€|.

Indeed, on the contrary we get easily the contradiction with the
supposition that there exists /”(0) (= g'(0) - #'(0)).

We will prove that the function % is the odd function, so

h(x) = —h(—x), for every x€R. (22)

Indeed, on the contrary, let us put xo := inf{x > : h(x) = h(—x)}.
One can observe easily that h(xp) =0 necessarily. Putting in
Eq. (19) x:=xp we get h(l—xy)=1. If 1—x) <0, then
0<xo—1<xp and 1 =h(1—xp) =—h(xg—1) <0 in view of
(19). This implies 1 — x>0, so xo<1. By Eq. (20) we get
h(x3) = hz(xo) =0, therefore h(x3") =0, for every neN and
lim, . x3" = 0. This is the contradlctlon with # (0) = 1, then we
have (22).

Replacing x by x + 1 in Eq. (19), we get h(x + 1) + h(—x) = 1, so
h(x + 1) = —h(—x) + 1, therefore

h(x+1) = h(x) + 1. (23)

By the result of VOLKMANN (see [2]), since the function /4 satisfies
Egs. (23) and (20), then h(x) = x. This implies f' = x- ¢'(x) and
(x) = [ xg/(x) d. O
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Corollary 4. If f: R — R is a differentiable solution of (1), for which
there exists " (0) and
2f' (%) = [F ),

then f(x) = x> + ¢, where c €R.

3. Convexity. Extremal Points

(1°) If the group (G, +) is Abelian and divisible by 2, then the set of
solutions (f,g) of (2) is evidently convex and it has no extremal
points. Indeed, for

_ Jai(x) for x€E,
fl(x)_{al(gp(x)) for x€E;,

where a;: E; — G and a;(x) # 0 and for the solution (f, g) of (2), the
pairs (f + fi,¢) and (f — f1, g) are the solutions of (2),

(f+fl7g> +(f_flag)
2

(f.8) =
and (f+flag) 7& (f7g) 7& (f _fl>g>'

Analogously the set of solutions of Eq. (2) with f unknown and ¢
and g given and the set of solutions of (4) are convex and have no
extremal points.

(2°) The set F N C?[0,1] and the set F; of solutions of (1) of class
C?[0, 1] N F are convex and they have no extremal points. Indeed, let
be for f € F N C?[0, 1]

{0 for x€0,1],
1
2

sin[dr(3x — 1)] — % (k=1 for xeli,

I(x) = m
28872
where m = min%] f"(x), and

B I(x) for xG[O,%],
mﬂ_{m—@ for xeli,1].

Then f + £ € F N C*[0,1] and

(f+f1)42r(f—fl):f and  fHAAfAf—fi.  (24)

If f€ Fy, then f +f; € F; too.
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Remark 5. The set F of continuous bijections f on [0, 1] such that
f(0) = 0 or equivalently of increasing bijections (respectively: such
that £(0) = 1 or equivalently of decreasing bijections), is convex and
has no extremal points. To be sufficient put, for f € Fy and xy such

that f(xo) =3

Alx) = 3f(x) for x€(0,x],
1 —3f(x) +3 for x€lxo, 1],
1 1
-3 +3 for x€|0,x],
respectively: fi(x) =4 , 2/ (%) +3 x €10, xo] 7
(%) for x€lx, 1],

so as to have f +f; € Fo and (24).
The set of bijections on [0, 1] (continuous too) is not convex
((f + (1 —f))/2 =1 for every bijection f).
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