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Abstract

In this paper we consider some regular lattices with fundamental cell with a even
number of obstacles. In particular we obtain the Laplace probability.
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1. Section

Let R;(a, b, c) be the regular lattice with fundamental cell is as in
Fig. 1.
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Denoting with C(()l) the fundamental cell of this lattice, we have:

(2 +m)c?
—

The cell C(()l) has six obstacles that are quarter-squares with diagonal
of length ¢ with ¢ < min (@, b) and semi circles with diameter c.

Considering a segment s of random position and of constant length /
with ¢ </ <min (a, b), we want compute the probability that this
segment intersects a side of lattice; obviously this probability is equal to
probability Pl(;t) that the segment s intersects the bounderay of the
fundamental cell.

The position of the segment s is determinated by the middle point O
and by the angle ¢ that the segment forms with the axis x. We consider
the limit positions of the segment s that corrisponde at angle ¢ and let
CO1 (¢) the determinated figure from these positions (Fig. 2):

area C(()l) = 2ab —

Fig. 2

From this figure we can write:

area 6(()1) (¢) = area C(()1>

— [4areaa (@) + 2area ay(¢) + 2area az (@)
+ 2areaas () + 2areaas(p)]. (1)

Considering some results that we have obtained in a previous paper
[1], follow that:

areaa; (¢) = (a _2 C)lcos ¢, arealay(¢)+az(¢)|= (b

aready () :%l(singo—l—cos‘p). (2)
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But from Fig. 3:

c/2

Fig. 3
we have ¢ =2/ sin ¢, hence

l 2
area ay(¢) = CZ (sing + 2cos ¢) — 7 sin 2¢.

In order to compute area as(¢), we consider the figure

From here follows /i = écos o, hence

[
areaas(¢) = %cos ®— % (3)

Replacing in the formula (1) le expressions (2), (3) and (4) we obtain

area 6(()1) (¢) =area C(()l)

12 2
- 2alcosgo—|—(b—g)lsingo—isin%o—% .4
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Denotlng with M, the set of segments s whose the middle p01nt are
in C(() Jand N 1 the set of segments s completely contained in cl! , We

have that:
N
Pl — 1 - M) (5)
w(My)
where u is the Lebesgue measure in Euclidean plane [3].
In order to compute the measures w(M;) and w(N,) we use the
Poincaré kinematic measure [2]

dK =dx Ndy Nde,

where X, y are the coordinates of O and ¢ the defined angle.
Since ¢ € [O ] we have:

T

M(Ml):jdqo JJ dxdy:gareaC(l):g[Zab—(ztl—n)cz} (6)

0 {(ryeci™y

and, considering the (5)

z
2

IJ«(NI):JCZQD ” dxdy=

O {exyed o)}

area 6(()1)(go)dqo

O e 101

[SIE]

KAl (2+7)c?] ey, . . nc?
= _2ab— e - [2alcosgo+ (b—§> lsmqo—zstgo—T do
0
KAl +n)? [. . c I? nc?
_5 2ab— : | — 2als1ngo— (b—f)lcosgo+zcos2<p—7¢
i (2+m)c?] o\, P
= — — — . 7
3|20 (2a+b o (7)

The formulas (6) (7) and (8) give us that:

P(l): (2a+b——)l—lz—”zT‘ (8)
nt [2ab (2+n ] .

When ¢ — 0, the obstacles becames points and the fundamental cell
becames a rectangle with side 2a and b. In this case the probability (9)
becomes the Laplace probability:
2Qa+0b)-1P
N 2nab ’
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2. Section

Let R, (a, b, c,n) be the regular lattice with fundamental cell C(()z) a
rectangle with side (n+ )a e b and with 4(n+1) obstacles: 2n
semi circles with the radius £ 5 2 quarter-circles with the same radius,
2n semi square and 2 quarter-square with the diagonal ¢ with
c<min[(n + 1) a, b] (Fig. 5):
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Fig. 5
We have:

2 4n+ 1
areaC(()z):(n+1)ab—%<n+l— n:— n).

In the same way of the Section 1, considering a segment s of random
position and of constant length / with ¢</< min[(n + 1) a, b].

We want compute the probability that this segment intersects a side
of lattice, obviously this probability is equal to probability P( ) that the
segment s intersects the bounderay of the fundamental cell

The position of the segment s is determinated by the middle point
O and by the angle ¢ that the segment forms with the axis x. We
consider the hmlt positions of the segment s that corrisponde at
angle ¢ and let Co (¢) the determinated figure from these positions
(Fig. 6):
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From this figure we can write:

area E’(()z) (¢)=area C(()Z) -2

(n+1)areaa (¢)+2areaas(¢)
+areaas(¢) +2nareaas(¢) +nareaas(¢) +nareaas(¢)

+areaa; (@) +areaag(gp)+areadg(p). 9)

Considering of some results that we have obtained in a previous
paper [1], we have:

—c)l [
areaal(go):(a 26) cosep, areadr(p)= (b—%—lcosgo) ESiDQD,
areaas( )—Clcos ¢
3\p)= 2 ¢ g )
and
areaa;(¢) = ¢ (sin @ + cos @) i + ¢
7\P) = 4 ¢ ¢ 3 g’
c nc? o, .
areaag(p) = 25080~ 1) area ay(¢) = 7 (sin @ + cos ).

(10)

In order to compute area a4 (¢) we consider Fig. 7:
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From here follows /i = %cos ¢, hence

l c?
area ay(¢) :%cosqo—% (11)
From Fig. 8:
Fig. 8
we have

[ . (m W2, .
h‘i““(Z“") —T(smgo—l—cosgo)

then

areaas(¢) = czl(sin @ + cos @) (12)

In the end, from Fig. 9:




10 G. Caristi and M. Stoka

follows:

[ . /m 12 .
hzism(z—cp) —T(cosqo—smgo)

then

area ag(¢) = cz(cos @ — sing) (13)

Replacing in the (10) the expression (11), (12), (13) and (14) we
obtain:

. 2n+1
area C(()z) (p)=area C(()z) - { [(”+1)a+ s

2 2
—%sin2¢—7(4n+3 Jme } (14)

c] [cos o+blsin ¢

16

Denotlng with M, the set of segments s whose the middle pomt are
in C(() ) and N, the set of segments s completely contained in C0 , we
have, as above, that:

Since ¢ € [0 ] we have:

[SIE]

(M) = quo JJ dxdy = garea Céz)
0

{(xy)ec?y

[(n+1)ab—%2<n+l—4n:1n>]

and considering the (15),

o
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,u(Nz)—Jdgo JJ dxdy—Jarea C(()z) (p)de
0 0

{(x))eC (@)}

%

2n+1

:gareaC(()z)—J{ [(n+1)a+ n:— c} [cos@+blsing
0

P (4n+3)mc?
—Es1n2qo—7l6 }dgo
2 2.2
=area C(()Z)—{ [(n+l)a+b+2n+lc} l—%_@'n—;#}‘ (16)

The formulas (16), (17) and (18) give us that:

P(z)_2[(n+1)a+b—|—2"41_+1€]1_12_% -
int — n[(n+1)ab—a—2(n+1_%n)}

When ¢ — 0, the obstacles becames points and the fundamental cell
becames a rectangle with side (n+1)a and b. In this case the probability
(18) becomes the Laplace probability:

2[(n+ Va+bjl — I
(n+ 1)mab

P =
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