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Abstract

We give simple proofs for the recurrence relations of some sequences of binomial
sums which have previously been obtained by other more complicated methods.
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1. Introduction

Modifying an idea of BRIETZKE [2] we give simple proofs for the
recurrence relations of sequences of binomial sums of the form

aðn;m; k; zÞ ¼
X
j2Z

z j
n�

n� mjþ k

2

�0
@

1
A;

which have been obtained by other methods in [3].
In order to motivate the method we consider first the well-known

special case

aðn; 5; k;�1Þ ¼
X
j2Z

ð�1Þj
n�

n� 5jþ k

2

�0
@

1
A ¼ ð�1Þk

X
j

tðn; k � 5jÞ;



with

tðn; kÞ ¼ ð�1Þk
n�

nþ k

2

�0
@

1
A:

We use the fact that tðn; kÞ ¼ �tðn� 1; k � 1Þ � tðn� 1; k þ 1Þ with
tð0; 0Þ ¼ 1; tð0; 1Þ ¼ �1 and tð0; kÞ ¼ 0 for all other k2Z.

Define the operator K by Kf ðn; kÞ ¼ f ðn; k � 1Þ and the operator N
by Nf ðn; kÞ ¼ f ðnþ 1; kÞ. Then

tðnÞ ¼ Ntðn� 1Þ ¼ �ðK þ K�1Þtðn� 1Þ ¼ ð�1ÞnðK þ K�1Þntð0Þ:
Let sðn; kÞ on N�Z be the function which satisfies the same re-
currence with initial values sð0; kÞ ¼ ½k ¼ 0�: Then we have tð0Þ ¼
ð1 � KÞsð0Þ: Since K is a linear operator we also have tðnÞ ¼
ð1 � KÞsðnÞ:

Let F be the vector space of all functions on N�Z which are finite
linear combinations of functions Kjs, j2Z. For f 2F we have
Nf ¼ �ðK þ K�1Þf :

Let T be the linear operator on F defined by

Tf ¼ N2f � Nf � f ¼ ðK þ K�1Þ2
f þ ðK þ K�1Þf � f

¼ ðK�2 þ K�1 þ 1 þ K þ K2Þf :
Then X

j2Z

K5jTKisð0Þ ¼
X
j2Z

Kjsð0Þ ¼ 1 for all i2Z

since KT ¼ TK.
FurthermoreX

j 2Z

K5jTtðnÞ ¼
X
j 2Z

K5jTð�1ÞnðK þ K�1Þnð1 � KÞsð0Þ

¼ ð�1ÞnðK þ K�1Þnð1 � KÞ
X
j2Z

K5jTsð0Þ ¼ 0:

Since

aðn; 5; k;�1Þ ¼ ð�1Þk
X
j

tðn; k � 5jÞ

is a finite sum for each k, the sequence ðaðn; 5; k;�1ÞÞ satisfies the
recurrence

aðnþ 2;5;k;�1Þ� aðnþ 1;5;k;�1Þ� aðn;5;k;�1Þ ¼ 0 for n� 0:
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Since the Fibonacci numbers Fn satisfy the same recurrence with
initial values F0 ¼ 0 and F1 ¼ 1, we get the following results (cf.
ANDREWS [1]):

Proposition 1. For k � 0; 1ðmod 10Þ the initial conditions are
að0; 5; kÞ ¼ að1; 5; kÞ ¼ 1 and therefore aðn; 5; kÞ ¼ Fnþ1.
For k � 2; 9ðmod 10Þ we have að0; 5; kÞ ¼ 0, að1; 5; kÞ ¼ 1 and

therefore aðn; 5; kÞ ¼ Fn:
For k � 3; 8ðmod 10Þ we get að0; 5; kÞ ¼ að1; 5; kÞ ¼ 0 and there-

fore aðn; 5; kÞ ¼ 0: Furthermore aðn; 5; k þ 5Þ ¼ �aðn; 5; kÞ:
It is interesting to observe that this result has first been proved by

SCHUR [6] in a strengthened version: Let�
n

k

�
¼ ð1 � qn�kþ1Þ � � � ð1 � qnÞ

ð1 � qÞ � � � ð1 � qkÞ
be a q-binomial coefficient. Then the following polynomial version of
the celebrated Rogers-Ramanujan identity

Xn
k¼0

qk
2

�
n� k

k

�
¼

X
k 2Z

ð�1Þkq
kð5k�1Þ

2

n�
nþ 5k

2

�2
4

3
5

holds, which for q ¼ 1 reduces to

Xn
k¼0

�
n� k

k

�
¼ Fnþ1 ¼

X
j 2Z

ð�1Þ j
n�

nþ 5j

2

�0
@

1
A:

An elementary proof of this q-identity may be found in [5].

2. A Useful Method

After this example let us consider a more general case.
For a; b2R let sa;b be the function on N�Z defined by sa;bð0; kÞ ¼

½k ¼ 0� and the recurrence relation

sa;bðn; kÞ ¼ asa;bðn� 1; k � 1Þ þ bsa;bðn� 1; kÞ þ asa;bðn� 1; k þ 1Þ:
ð1Þ

This can be written in the form

sa;bðnÞ ¼ ðaK�1 þ bþ aKÞsa;bðn� 1Þ ¼ ðaK�1 þ bþ aKÞnsa;bð0Þ:
Let F be the vector space of all functions on N which are finite linear
combinations of functions Kjsa;b, j2Z.
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For any polynomial

pðxÞ ¼
Xm
i¼0

aix
i

we denote by pðNÞ the linear operator on F defined by

pðNÞf ðnÞ ¼
Xm
i¼0

ai f ðnþ iÞ:

Then we have pðNÞ ¼ pðaK�1 þ bþ aKÞ:
We are looking for an operator pðNÞ with analogous properties as T

had in the above example.
To this end we define a sequence of polynomials

pnðx; a; bÞ ¼
Xn
k¼0

pn;kða; bÞxk

by the recurrence

pnðx; a; bÞ ¼ ðx� bÞpn�1ðx; a; bÞ � a2pn�2ðx; a; bÞ ð2Þ
with initial values p0ðx; a; bÞ ¼ 1 and p1ðx; a; bÞ ¼ xþ a� b:

Lemma 1. For all k2Z the following identity holds

pmðN; a; bÞsa;bð0; kÞ ¼
Xm
i¼0

pm;iða; bÞsa;bði; kÞ ¼ am½jkj � m�: ð3Þ

Proof. It suffices to show that on F

pmðN; a; bÞ ¼ am
Xm
j¼�m

Kj: ð4Þ

It is immediately verified that (4) is true for m ¼ 0 and m ¼ 1, since

ðN þ a� bÞ ¼ ðaK þ aþ aK�1Þ:
If (4) has already been shown for m� 1 and m� 2 we get

pmðN; a; bÞ ¼ ðN � bÞpm�1ðN; a; bÞ � a2pm�2ðN; a; bÞ

¼ aðK þ K�1Þam�1
Xm�1

j¼�mþ1

Kj � a2am�2
Xm�2

j¼�mþ2

Kj

¼ am
Xm
j¼�m

Kj:
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From (3) we get

Xm
i¼0

pm;iða; bÞ
X
j 2Z

sa;bði; k � ð2mþ 1ÞjÞ ¼ am ð5Þ

for each k2Z.

Application. As an application we consider for each m2N the
sequence

aðn; 2mþ 1; k;�1Þ ¼
X
j 2Z

ð�1Þ j
n�

n� ð2mþ 1Þjþ k

2

�0
@

1
A

¼ ð�1Þk
X
j

tðn; k � ð2mþ 1ÞjÞ:

As shown above we have t ¼ ð1 � KÞs�1;0: Therefore by (5) we get

Xm
i¼0

pm;ið�1; 0Það0; 2mþ 1; k;�1Þ ¼ 0:

Formula (1) implies that tðnÞ is a finite linear combination of
functions Kjtð0Þ: Therefore we also get

pmðN;�1; 0Þaðn; 2mþ 1; k;�1Þ

¼
Xm
i¼0

pm;ið�1; 0Þaðn; 2mþ 1; k;�1Þ ¼ 0:

Now we look for an explicit expression for pnðx;�1; 0Þ:
We know that it satisfies the recurrence

pnðx;�1; 0Þ ¼ xpn�1ðx;�1; 0Þ � pn�2ðx;�1; 0Þ

with initial values p0ðx;�1; 0Þ ¼ 1 and p1ðx;�1; 0Þ ¼ x� 1:
Recall that the Fibonacci polynomials

Fnðx; sÞ ¼
Xn�1

k¼0

�
n� 1 � k

k

�
skxn�2k�1

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 4s

p
��

xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 4s

p

2

�n

�
�
x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 4s

p

2

�n�

ð6Þ
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are characterized by the recurrence

Fnðx; sÞ ¼ xFn�1ðx; sÞ þ sFn�2ðx; sÞ ð7Þ

with initial conditions F0ðx; sÞ ¼ 0 and F1ðx; sÞ ¼ 1. Therefore

pnðx;�1; 0Þ ¼ Fnþ1ðx;�1Þ � Fnðx;�1Þ:

The first values of the polynomials pnðx;�1; 0Þ are

1; x� 1; x2 � x� 1; x3 � x2 � 2xþ 1; x4 � x3 � 3x2 þ 2xþ 1; . . . :

This gives

Theorem 1. The sequence

aðn; 2mþ 1; k;�1Þ ¼
X
j2Z

ð�1Þj
n�

n� ð2mþ 1Þjþ k

2

�0
@

1
A

satisfies the recurrence relation of order m

ðFmþ1ðN;�1Þ � FmðN;�1ÞÞaðn; 2mþ 1; k;�1Þ ¼ 0 ð8Þ

for each k2Z.

Remark. This theorem has been proved in [3] with a more compli-
cated method. The recurrence (8) is not for all k the minimal
recurrence, because e.g. aðn; 2mþ 1;mþ 1;�1Þ � 0: But it is so
for aðn; 2mþ 1; 0;�1Þ, which has a simple combinatorial interpreta-
tion. It is the number of the set of all lattice paths in R2 which start
at the origin, consist of bn

2
c northeast steps ð1; 1Þ and bnþ1

2
c southeast

steps ð1;�1Þ and which are contained in the strip �m� 1<y<m
(cf. e.g. [4], [5]).

It is easy to see that the initial values of aðn; 2mþ 1; 0;�1Þ are

að j; 2mþ 1; 0;�1Þ ¼
j�
j

2

�0
@

1
A for 0 � j<2m:

As a special case of Theorem 1 we mention that aðn; 3; 0;�1Þ ¼ 1:
This means

X
j 2Z

ð�1Þj
n�

n� 3j

2

�0
@

1
A ¼ 1 for all n2N:
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The generating function of the sequence ðaðn; 2mþ 1; 0;�1ÞÞn�0 has
the form

X
n�0

aðn; 2mþ 1; 0;�1Þxn ¼ cmðxÞ
dmðxÞ

;

where

dmðxÞ ¼ pm

�
1

x
;�1; 0

�
xm ¼ xm

�
Fmþ1

�
1

x
;�1

�
� Fmþ1

�
1

x
;�1

��

¼ Fmþ1ð1;�x2Þ � xFmð1;�x2Þ
and cmðxÞ is a polynomial of degree less than m.

The first values of ðcmðxÞÞm�1 are

c1ðxÞ ¼ 1; c2ðxÞ ¼ 1; c3ðxÞ ¼ 1 � x2;

c4ðxÞ ¼ 1 � 2x2; c5ðxÞ ¼ 1 � 3x2 þ x4; . . . :

This suggests that for m � 2

cmðxÞ ¼
Xm�1

j¼0

ð�1Þj
�
m� 1 � j

j

�
x2j ¼ Fmð1;�x2Þ:

This can be proved in the following way: Both dmðxÞ and Fmð1;�x2Þ
satisfy the same recurrence hmðxÞ ¼ hm�1ðxÞ � x2hm�2ðxÞ. This im-
plies that for

a2mþ1ðxÞ ¼
X
n�0

aðn; 2mþ 1; 0;�1Þxn

we have

dmðxÞa2mþ1ðxÞ � dm�1ðxÞa2m�1ðxÞ þ x2dm�2ðxÞa2m�3ðxÞ
¼ ðdmðxÞ � dm�1ðxÞ � x2dm�2ðxÞÞa2mþ1ðxÞ þ dm�1ðxÞða2mþ1ðxÞ
� a2m�1ðxÞÞ þ x2dm�2ðxÞða2mþ1ðxÞ � a2m�3ðxÞÞ:

Since the coefficients of x j for 0 � j � 2m� 5 of a2m�3ðxÞ are the same
as those of a2m�1ðxÞ and a2mþ1ðxÞ we see that for 2m� 4 � m� 1 the
polynomial

dmðxÞa2mþ1ðxÞ � dm�1ðxÞa2m�1ðxÞ þ x2dm�2ðxÞa2m�3ðxÞ

which has degree <m must identically vanish. This implies that

cmðxÞ ¼ dmðxÞa2mþ1ðxÞ ¼ Fmð1;�x2Þ:
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Corollary 1. For m � 2 the generating function for aðn;2mþ 1;0;�1Þ
is given by

X
n�0

aðn; 2mþ 1; 0;�1Þxn ¼ Fmð1;�x2Þ
Fmþ1ð1;�x2Þ � xFmð1;�x2Þ : ð9Þ

3. A Modification of the Above Method

In order to obtain an analogous result for the sequences aðn; 2m; k;�1Þ
we define a sequence of polynomials

qnðx; a; bÞ ¼
Xn
k¼0

qn;kða; bÞxk

by the same recurrence

qnðx; a; bÞ ¼ ðx� bÞqn�1ðx; a; bÞ � a2qn�2ðx; a; bÞ; ð10Þ

but with initial values q0ðx; a; bÞ ¼ 2 and q1ðx; a; bÞ ¼ x� b:

Lemma 2. For all k2Z the following identity holds

qmðN; a; bÞsa;bð0; kÞ ¼
Xm
i¼0

qm;iða; bÞsa;bði; kÞ ¼ am½jkj ¼ m�: ð11Þ

Proof. It suffices to show that on F
qmðN; a; bÞ ¼ amðKm þ K�mÞ: ð12Þ

(12) is true for m ¼ 0 and m ¼ 1 by inspection.
If it is already shown for m� 1 and m� 2 we get

qmðN; a; bÞ ¼ aðK þ K�1Þam�1ðKm�1 þ K�ðm�1ÞÞ
� a2am�2ðKm�2 þ K�ðm�2ÞÞ ¼ amðKm þ K�mÞ:

Application. As an application let

uðn; kÞ ¼
n�

nþ k

2

�0
@

1
A:

Then uðn; kÞ ¼ uðn� 1; k � 1Þ þ uðn� 1; k þ 1Þ and uð0; kÞ ¼
½k2f0; 1g�: Therefore

uðn; kÞ ¼ s1;0ðn; kÞ þ s1;0ðn; k � 1Þ or u ¼ ð1 þ KÞs1;0:
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We have

aðn;2m;k;�1Þ¼
X
j2Z

ð�1Þj
n�

n�ð2mÞjþk

2

�0
@

1
A

¼
X
j2Z

n�
n�ð2mÞ2jþk

2

�0
@

1
A

0
@

�
n�

n�ð2mÞð2jþ1Þþk

2

�0
@

1
A
1
A

¼
X
j2Z

ðs1;0ðn;k�4mjÞ�s1;0ðn;k�2m�4mjÞÞ

þ
X
j2Z

ðs1;0ðn;k�1�4mjÞ�s1;0ðn;k�1�2m�4mjÞÞ:

Here we get

qmðN; 1; 0Þ
X
j 2Z

ðs1;0ð0; i� 4mjÞ � s1;0ð0; i� 2m� 4mjÞÞ ¼ 0

for each i;

because for i� 4mj ¼ m we get i� 4mj� 2m ¼ �m and the sums
cancel and for i� 4mj ¼ �m we get i� 4mð j� 1Þ � 2m ¼ m. For
other values the sum vanishes.

In the same way as above we conclude that

qmðN; 1; 0Þ
X
j 2Z

ðs1;0ðn; i� 4mjÞ � s1;0ðn; i� 2m� 4mjÞÞ ¼ 0

too.
In order to give a concrete representation of qmðx; 1; 0Þ recall that

the Lucas polynomials

Lnðx; sÞ ¼
Xn�1

k¼0

�
n� k

k

�
n

n� k
skxn�2k

¼
�
xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 4s

p

2

�n

þ
�
x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 4s

p

2

�n

ð13Þ

are characterized by the recurrence

Lnðx; sÞ ¼ xLn�1ðx; sÞ þ sLn�2ðx; sÞ ð14Þ
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with initial conditions L0ðx; sÞ ¼ 2 and L1ðx; sÞ ¼ x. Therefore
qnðx; 1; 0Þ ¼ Lnðx;�1Þ.

The first values of the sequence ðLnðx;�1ÞÞn�1 are

x; x2 � 2; x3 � 3x; x4 � 4x2 þ 2; . . . :

Theorem 2. For m � 1 the sequence

aðn; 2m; k;�1Þ ¼
X
j2Z

ð�1Þj
n�

n� ð2mÞjþ k

2

�0
@

1
A

satisfies the recurrence relation

LmðN;�1Þaðn; 2m; k;�1Þ ¼ 0: ð15Þ
Remark. It should be noted that aðn; 2m; 0;�1Þ has the following
combinatorial interpretation. It is the number of the set of all lattice
paths in R2 which start at the origin, consist of bn

2
c northeast steps

ð1; 1Þ and bnþ1
2
c southeast steps ð1;�1Þ and which are contained in

the strip �m<y<m (cf. e.g. [5]).

The generating function of the sequence ðaðn; 2m; 0;�1ÞÞn�0 is
given by X

n�0

aðn; 2m; 0;�1Þxn ¼ cmðxÞ
dmðxÞ

;

where

dmðxÞ ¼ qm

�
1

x
; 1; 0

�
xm ¼ xmLm

�
1

x
;�1

�
¼ Lmð1;�x2Þ

and cmðxÞ is a polynomial of degree less than m.
The first values of ðcmðxÞÞm�1 are

c1ðxÞ ¼ 1; c2ðxÞ ¼ 1 þ x; c3ðxÞ ¼ 1 þ x� x2;

c4ðxÞ ¼ 1 þ x� 2x2 � x3; c5ðxÞ ¼ 1 þ x� 3x2 � 2x3 þ x4; . . . :

This implies as above that

cmðxÞ ¼ Fmð1;�x2Þ þ xFm�1ð1;�x2Þ:
Corollary 2. For m � 2 the generating function for aðn; 2m; 0;�1Þ is
given by

X
n�0

aðn; 2m; 0;�1Þxn ¼ Fmð1;�x2Þ þ xFm�1ð1;�x2Þ
Lmð1;�x2Þ : ð16Þ
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4. Further Applications

4a) The same method can be applied to the general sum

aðn;m; k; zÞ ¼
X
j2 Z

z j
n�

n�mjþ k

2

�0
@

1
A ¼

X
j2Z

z2j

n�
n� 2mjþ k

2

�0
@

1
A

þ
X
j 2Z

z 2j�1

n�
n� 2mjþ k þm

2

�0
@

1
A:

Here we get

LmðN;�1Það0;m; k; zÞ ¼ LmðN;�1Þ
X
j2Z

z2juð0; k � 2mjÞ

þ LmðN;�1Þ
X
j 2Z

z2j�1uð0; k þ m� 2mjÞ:

In this case we have

LmðN;�1Þuð0; k � 2mjÞ ¼
1; if k ¼ 2mj� m;
1; if k ¼ 2mjþ m;
0; else;

8<
:

or

LmðN;�1Þuð0; k � 2mjÞ ¼ uð0; k � m� 2mjÞ þ uð0; k þ m� 2mjÞ:
This implies

LmðN;�1Það0;m;k;zÞ¼
X
j2Z

z2jðuð0;k�m�2mjÞþuð0;kþm�2mjÞÞ

þ
X
j2Z

z2j�1ðuð0;kþ2m�2mjÞþuð0;k�2mjÞÞ

¼
�
zþ1

z

�
að0;m;k;zÞ:

Thus we get �
LmðN;�1Þ �

�
zþ 1

z

��
að0;m; k; zÞ ¼ 0:

Theorem 3. The sequence

aðn;m; k; zÞ ¼
X
j2Z

z j
n�

n� mjþ k

2

�0
@

1
A
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satisfies the recurrence relation�
LmðN;�1Þ �

�
zþ 1

z

��
aðn;m; k; zÞ ¼ 0: ð17Þ

Remark. It is easy to see that the initial values of aðn;m; 0; zÞ are

aðn;m; 0; zÞ ¼
j�
j

2

�0
@

1
A for 0 � j<m� 1;

aðm� 1;m; 0; zÞ ¼
m� 1�
m� 1

2

�0
@

1
Aþ 1

z
;

aðm;m; 0; zÞ ¼
m�
m

2

�0
@

1
Aþ 1

z
þ z:

The generating function of the sequence ðaðn;m; 0; zÞÞ for m � 1 has
the form

X
n�0

aðn;m; 0; zÞxn ¼ cmðx; zÞ
dmðx; zÞ

with

dmðx; zÞ ¼ xm
�
Lm

�
1

x
;�1

�
�
�
zþ 1

z

��
¼ dmðxÞ � xm

�
zþ 1

z

�

and

cmðx; zÞ ¼
xm�1

z
þ Fmð1;�x2Þ þ xFm�1ð1;�x2Þ:

Since dmðxÞ ¼ Lmð1;�x2Þ and Fmð1;�x2Þ þ xFm�1ð1;�x2Þ satisfy
the same recurrence hmðxÞ ¼ hm�1ðxÞ � x2hm�2ðxÞ we get�
dmðxÞ� xm

�
zþ 1

z

��
amðxÞ�

�
dm�1ðxÞ� xm�1

�
zþ 1

z

��
am�1ðxÞ

þ x2

�
dm�2ðxÞ� xm�2

�
zþ 1

z

��
am�2ðxÞ

¼ dm�1ðxÞðamðxÞ� am�1ðxÞÞþ x2dm�2ðxÞðamðxÞ� am�2ðxÞÞ

� xm
�
zþ 1

z

�
amðxÞþ xm�1

�
zþ 1

z

�
am�1ðxÞ� xm

�
zþ 1

z

�
am�2ðxÞ:
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Since dmð0Þ ¼ 1 it is easy to verify that for m � 3

dm�1ðxÞðamðxÞ � am�1ðxÞÞ ¼ � xm�2

z
� xm�1zþ xmð� � �Þ

and

x2dm�2ðxÞðamðxÞ � am�2ðxÞÞ ¼ � xm�1

z
þ xmð� � �Þ:

Therefore we get

dmðx; zÞamðxÞ � dm�1ðx; zÞam�1ðxÞ þ x2dm�2ðx; zÞam�2ðxÞ

¼ � xm�2

z
þ xmð� � �Þ:

Now the left-hand side must be a polynomial of degree less than m.
Therefore we have in fact

dmðx; zÞamðxÞ � dm�1ðx; zÞam�1ðxÞ þ x2dm�2ðx; zÞam�2ðxÞ ¼ � xm�2

z
:

Now cmðx; zÞ satisfies the same recurrence. Since the initial values
coincide, we get

Corollary 3. For m � 2 the generating function for aðn;m; 0; zÞ is
given by

X
n�0

aðn;m; 0; zÞxn ¼ ðxm�1=zÞ þ Fmð1;�x2Þ þ xFm�1ð1;�x2Þ
Lmð1;�x2Þ � xmðzþ ð1=zÞÞ : ð18Þ

Remark. In the same way we getX
n�0

aðn; 2mþ 1;mþ 1; zÞxn

¼ ð1 þ zÞxmðFmþ1ð1;�x2Þ þ xFmð1;�x2ÞÞ
L2mþ1ð1;�x2Þ � x2mþ1ðzþ ð1=zÞÞ :

For z ¼ �1 the right-hand side vanishes and therefore we get again
aðn; 2mþ 1;mþ 1;�1Þ ¼ 0:

4b) For the special case z ¼ 1 also simpler recurrences can be found.
It is easy to verify that�

xþ 1

x
� 2

�
Fm

�
xþ 1

x
;�1

�
ð1 þ xÞ ¼ 1

xm
� 1

xm�1
� xm þ xmþ1:
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This implies as above

ðN � 2ÞFmðN;�1Þuð0Þ ¼ ðKm � Km�1 � K�m þ K�m�1Þs1;0ð0Þ:
Therefore we get

ðN � 2ÞFmðN;�1Þ
X
j

K2jmuð0Þ

¼
X
j

K2jmðKm � Km�1 � K�m þ K�m�1Þs1;0ð0Þ ¼ 0:

From this we conclude as above

Theorem 4. The sequence

aðn; 2m; k; 1Þ ¼
X
j2Z

n�
n� ð2mÞjþ k

2

�0
@

1
A

satisfies the recurrence relation

ðN � 2ÞFmðN;�1Þaðn; 2m; k; 1Þ ¼ 0: ð19Þ
Corollary 4. For m � 1 the generating function for aðn; 2m; 0; 1Þ is
given byX

n�0

aðn; 2m; 0; 1Þxn ¼ Fmð1;�x2Þ � xFm�1ð1;�x2Þ
ð1 � 2xÞFmð1;�x2Þ : ð20Þ

4c) It is again easy to verify that�
Lm

�
xþ 1

x
;�1

�
� Lm�1

�
xþ 1

x
;�1

��
ð1 þ xÞ

¼ 1

xm
� 1

xm�2
� xm�1 þ xmþ1:

Therefore we get

ðLmðK þ K�1;�1Þ � Lm�1ðK þ K�1;�1ÞÞ
X
j

Kð2m�1Þjuð0Þ

¼
X
j

Kð2m�1ÞjðKm � Km�2 � K�mþ1 þ K�m�1Þs1;0ð0Þ ¼ 0:

This implies

Theorem 5. The sequence

aðn; 2m� 1; k; 1Þ ¼
X
j2Z

n�
n� ð2m� 1Þjþ k

2

�0
@

1
A
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satisfies the recurrence relation

ðLmðN;�1Þ � Lm�1ðN;�1ÞÞaðn; 2m� 1; k; 1Þ ¼ 0: ð21Þ
Corollary 5. For m � 2 the generating function for aðn; 2m� 1; 0; 1Þ
is given byX

n�0

aðn; 2m� 1; 0; 1Þxn ¼ Lm�1ð1;�x2Þ
Lmð1;�x2Þ � xLm�1ð1;�x2Þ : ð22Þ

Remark. For the special cases z ¼ � 1 numerator and denumerator
of the generating function

ðxm�1=zÞ þ Fmð1;�x2Þ þ xFm�1ð1;�x2Þ
Lmð1;�x2Þ � xmðzþ ð1=zÞÞ

have common divisors which can be cancelled.

This can be verified by using the following identities, which are
easily deduced from the representations (6) and (13) (cf. e.g. [3]):

L2mðx;�1Þ � 2 ¼ ðx2 � 4ÞðFmðx;�1ÞÞ2;

L2m�1ðx;�1Þ � 2 ¼ ðLmðx;�1Þ � Lm�1ðx;�1ÞÞ2

x� 2
;

L2mðx;�1Þ þ 2 ¼ ðLmðx;�1ÞÞ2;

L2m�1ðx;�1Þ þ 2 ¼ ðxþ 2ÞðFmðx;�1Þ � Fm�1ðx;�1ÞÞ2:
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